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Exercise 42

Show that the plane that passes through the three points A = (a1, as,as), B = (b1, ba, b3), and
C = (c1, c2, c3) consists of the points P = (z,y, z) given by

ag—x a2 —Y a3z — =z
b1—$ b2—y bg—Z =0.
CiL— C2—Y C3— %

(HINT: Write the determinant as a triple product.)

Solution

The equation of a plane is given by
n-(r—rg) =0,

where n is a normal vector, r = (x,¥, 2z), and rq is a position vector for any point lying in the
plane. Let a = (a1, a2,a3) and b = (b1, be, b3) and ¢ = (c1, ¢2,¢3). The normal vector is obtained
by taking the cross product of two displacement vectors, b — a and ¢ — a, for example.

n=(b—a)x(c—a)
Since the displacements are taken relative to a, set rg = a. The equation for the plane is then
n-(r-rp)=0 — J[(b—a)x(c—a)|l-(r—a)=0.
Use the fact that the dot product is commutative.
(r—a)-[(b—a)x(c—a)]=0

Multiply both sides by —1.
(a—r):-[(b—a)x(c—a)]=0

Simplify the expression in square brackets.
(a—r)-[bx(c—a)—ax(c—a)]=0
(a—r)-(bxc—bxa—axc+axa)=0
——
=0
(a—r)-(bxc—bxa—axc)=0
a-(bxc—bxa—axc)—r-(bxc—bxa—axc)=0
a-(bxc)—a-(bxa)—a-(axc)-r-(bxc)+r-(bxa)+r-(axc)=0

-0 =0

Both b x a and a x ¢ are perpendicular to a,so a- (b xa)=0 and ax c=0.
a-(bxc)—r-(bxc)+r-(bxa)+r-(axc)=0

Use the result from part (a) of Exercise 24: u- (v x w) = —w + (v x u) and
u-(vxw)=-v-(uxw)forr-(bxa)andr-(axc), respectively.

a-(bxc)—r-(bxc)—a-(bxr)—a-(rxc)=0
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Seeing as how b x r and r x ¢ are both perpendicular tor,r-(bxr)=0and r- (r x ¢c) =0 can
be added to the left side.

a-(bxc)—r-(bxc)—a-(bxr)—a-(rxc)+r-(bxr)+r-(rxc)=0

a-(bxc—bxr—rxc)—r-(bxc—bxr—rxc)=0
(a—r)-(bxc—bxr—rxc)=0
(a—r):(bxc—bxr—rxc+rxr)=0
——
=0
(a—r)-[bx(c—r)—rx(c—r)=0
(a—r):[(b—r)x(c—1)]=0
(a1 —x,a2 —y,a3 — z) - [(by —x,ba —y,bg — 2) X (c1 —x,c0 —y,c3 —2)] =0
X y Z
(a1 —z,a2 —y,a3 —2) - |y —2z ba—y b3—2|=0
Cl—T CQ—Y C3—Z2

Therefore, taking the dot product, the plane that passes through the three points A = (a1, ag, as3),
B = (by1,b9,b3), and C = (¢, c2,¢3) can be expressed as

ay —T a2 —Yy az — =z
bl—{E bQ—y bg—Z =0.
Cl— C2—Y C3— %

www.stemjock.com



